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Abstract 
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■ The values of the Higgs mass are obtained for two possibilities of extending the standard 
^ ■ model in a way compatible with the existence of a noncommutative structure at high 

energies. We assume the existence of a big desert between the low energy electroweak 
scale and the high energy scale A = 1.1 x 10 17 GeV, where noncommutative features 
become relevant. We conclude that it is extremely difficult to depart from the Higgs mass 
value tub = 175.llgg GeV obtained from noncommutative geometry for the standard 
model with three generations only. 
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1 Introduction 



Noncommutative geometry [I] in its mild version of almost commutative geometry allows 
to derive certain Yang-Mills-Higgs models from general relativity through the spectral 
action principle El Hj- The standard model of electromagnetic, weak and strong forces 
is among them, and this derivation unifies non-Abelian gauge- and Higgs-bosons. As a 
consequence, their coupling constants are related. In the case of three generations of 
leptons and quarks, this relation reads 



Relations of this type face two problems: 

• The first equation is in flagrant contradiction with the experimental values of the 
weak and strong gauge couplings at accessible energies. 

• Due to short distance divergencies in quantum corrections, the coupling constants 
are scale dependent, and these two relations are not preserved under the renormal- 
isation group flow. Thus, they can at best only hold at a given energy scale. 

The first equation, g 2 — #3, is familiar from grand unified theories [3] where it comes 
from an embedding of the standard-model group SU(3) x SU(2) x U (1) into a simple group 
like 577(5). In grand unified theories, the first problem is solved by the hypothesis of the 
big desert, which extends from present high energies all the way up to the astronomical 
energy of A ~ 10 17 GeV. One assumes 

• that - with the exception of the Higgs scalar - no new particles exist with masses 
in the range of energies covered by the big desert, 

• that perturbative quantum field theory remains valid throughout the desert. 

Then the renormalisation group flow remains unchanged all the way up from the low 
energy electroweak scale to the scale A where the weak and strong gauge couplings become 
indeed equal. At energies above A, one still faces the second problem, which is solved 
by a second hypothesis: one introduces new particles, lepto-quarks. They are the gauge 
bosons of SU(5)/[SU(3) x SU{2) x U (1)] and are given a mass equal to A via spontaneous 
symmetry breakdown induced by a second Higgs multiplet in the adjoint representation. 
Then, by the Appelquist-Carazzone decoupling theorem [S] , the lepto-quarks do not upset 
the renormalisation flow in the desert, but do stabilize the equality g 2 = g% at energies 
above A. However, in spite of their huge mass, the lepto-quarks render the proton unstable 
with a life-time that contradicts today's experimental numbers. 

Let us now keep only the first hypothesis, the existence of a big desert, and let us as- 
sume that at the higher end of the desert it is not the particle spectrum that changes, but 
the geometry of spacetime itself. We shall assume that the (commutative) Riemannian 
geometry of spacetime is only a low energy approximation of a - not yet known - noncom- 
mutative geometry. Being noncommutative, this geometry has radically different short 
distance properties and is expected to produce quite a different renormalisation flow. It 



g\ = gl = A/8. 
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even might have no short distance divergencies at all, and therefore constant coupling con- 
stants, i.e. vanishing (3-t unctions. At energies below A, this noncommutativity manifests 
itself only in its mild, almost commutative version through the gauge- and Higgs-fields of 
the standard model, which are magnetic-like fields accompanying the gravitational field. 
The first example of a truly noncommutative geometry is the noncommutative torus [7] or 
its non-compact version, the Moyal plane jH] . The spectral action may be defined on the- 
ses spaces 0, leading to quantum field theories with non-local interactions ^U]. The best 
studied example is Grosse and Wulkenhaar's scalar y? 4 theory on the the Moyal M. A . This 
theory has two remarkable properties: it is renormalizable to all orders of perturbation 
theory JT] and in the self-dual version, its one-loop /5-functions indeed vanish |12j . 

These considerations motivate the combination of the two constraints (0) from almost 
commutative geometry fl], that are assumed to hold at the scale A (and perhaps above 
A), with the renormalisation group flow of the standard model [T5j . that remains rele- 
vant below A. From reference [E] we learn - and this is not at all obvious - that this 
combination is possible without leaving the perturbative domain ('triviality') and without 
running into negative Higgs self-couplings ('stability'). To one loop, if all fermion masses 
except the top mass as well as threshold effects are neglected, the resulting value of the 
Higgs mass lies in the range 

m H = 175.1^2 GeV with m t = 178.0 ± 6.0 GeV. (2) 

The aim of this paper is to investigate how the Higgs mass changes if we try to 
allow for new particles in the desert. Of course, the blooming of the desert is an old 
question and has many answers, depending on which new particles one chooses. In almost 
commutative geometry however, this choice is extremely constrained. Section 2 presents 
these constraints and two possible choices are displayed, for which the corresponding 
Higgs masses are computed in section 3. 

2 Did you say bloom? 

A noncommutative geometry is defined by a spectral triple (A, T~C, T>) where A is a pre 
C*-algebra represented on a Hilbert space 7i on which also the Dirac operator D acts. 
The spectral action is an invariant action defined on the spectral triple. The invariance 
is under all algebra automorphisms and is naturally ensured by making use only of the 
spectrum of the Dirac operator. In the commutative case (Riemannian geometry), the 
Hilbert space consists of square integrable spinors, the Dirac operator encodes the metric, 
the algebra automorphisms are just general coordinate transformations and the spectral 
action reproduces the Einstein-Hilbert action. 

In the almost commutative case, the algebra automorphisms determine in addition the 
(non-Abelian part of) the gauge group, the Hilbert space gives in addition the fermion 
gauge-multiplets whose masses are found in the Dirac operator. The spectral action then 
yields the Yang-Mills action, the Higgs representation and its symmetry breaking Higgs 
potential. 
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Krajewski, Paschke and Sitarz [IB] have classified all almost commutative geometries. 
This classification is conveniently organized by Krajewski diagrams, which are the ana- 
logues of Dynkin and weight diagrams in group theory. Through the abundant use of 
Krajewski diagrams, the classification can then be further reduced with the help of a list 
of physics motivated requirements ^7j. Two of them are borrowed from grand unified 
theories: the spectral triple is taken irreducible and its Hilbert space is to define a complex 
representation under the little group. Other requirements concern the physical properties 
of the ensuing Yang-Mills-Higgs model, like the vanishing of anomalies, or the possibil- 
ity to allow for non-degenerate masses in irreducible fermion multiplets. The surviving 
almost commutative geometries are scarce. There is no solution if the algebra is simple, 
or if it has two simple summands. With three simple summands, there only remains 
the standard model with an arbitrary number of colours p and with one generation 1 of 
leptons and quarks. In addition, the neutrino must be massless. A few submodels like 
SU(p) x 5*0(2) x U(l) or SO(p) x SU{2) x U(l) are also possible. With four summands, 
only one more model survives, the SU(p) x U(l) electro-strong model with one quark 
and one lepton. This model is vector-like, has no Higgs and the fermion masses are 
gauge-invariant . 

This reduced classification explains the empirical fact that it is extremely difficult 
to find viable extensions of the standard model in almost commutative geometry. One 
obvious possibility is a fourth generation of leptons and quarks with a massive neutrino. 

Another possibility coming from an algebra with six summands has been found recently 
[T5] . It is identical to the standard model with two additional leptons A and C ++ whose 
electric charge is two in units of the electron charge. These new leptons couple neither 
to the charged gauge bosons, nor to the Higgs scalar. Their hypercharges are vector-like, 
so that they do not contribute to the electroweak gauge anomalies. Their masses are 
gauge-invariant and they constitute viable candidates for cold dark matter [T9*| . 

Before proceeding, let us quote here the present experimental constraints on the masses 
of a fourth generation [201, wnose quarks are denoted by (T, B) and the leptons by (N, E): 

m B > 199 GeV, m N > 45.6 GeV, m E > 100.8 GeV, Am 2 Q + \Am 2 L < (85 GeV) 2 , (3) 

with 

Ami := m 2 T + m 2 B - A ™? m B ln I^ ; Amf:=mi + m|- In — . (4) 

' m^ — m B mB " m N — m E m E 

We shall see in the next section that these experimental constraints are incompatible with 
a perturbative running of the Yukawa couplings in the fourth generation up to A. 



3 The renormalisation group flow 

We normalize the Higgs self-coupling as (A/24) y? 4 . Then 

2 4 A 2 /r-\ 

™H = o— m W ( 5 ) 
92 

1 The standard model with an arbitrary number of generations corresponds to a reducible spectral 
triple. 
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at tree level. The hypercharge coupling g\ is the one of the Glashow-Salam- Weinberg 
model (without the factor a/5/3 from grand unified theories). The Yukawa couplings are 
normalized such that 

m f = V2 9 -lm w . (6) 

We further use: 

t := ln(///m z ), dg/dt =: g , re := (47r)" 2 , (7) 
where [i denotes the renormalization group scale. 



3.1 Four generations 

Neglecting all fermion masses below the top mass, as well as all fermion mixing effects, we 
have the following one-loop /3-functions for the standard model with N = 4 generations 

D3|= 

f3 gi = Kb t gl bi =(fN + l-f + IN+ J, -11 + IN) (8) 



with 
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(13) 
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(3^ 2 + 9g 2 2 ) A + 4F 2 A - 
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U2 
V 12 


1 g) C " = f 5 9 o) 

2 8l c e = 2 o) 


Y 2 = 3g 2 + 3g 2 T 
H = 3gf + 3<# 


+ 3g 2 B 
+ 39b 
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4 1 4 
+ 9n + 0e- 


(15) 
(16) 



We shall integrate the renormalisation group equations dg/dt = /3 g neglecting threshold 
effects. The three gauge couplings decouple from the other equations and give: 

9i(t)=9io/y/l-2Kb ig lt. (17) 
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The initial conditions are taken from experiment [20] : 



g w = 0.3575, g 20 = 0.6514, g 30 = 1.221. 
The unification scale A is the solution of g2(ln(A/mz)) = ^(^(A/mz)), 



A 



m z exp 



920 



9so 2 



2 K {b 2 



1.1 x 10 1 ' GeV 



(18) 



(19) 



and is independent of the number of generations. The equations for the Yukawa couplings 
decouple from that of the Higgs self-coupling, and we integrate them numerically with 
initial conditions taken again at t = 0, i.e. /x = mz' 



m t = 178.0 GeV, m T = m B = m N = m E =: m 4 . 



(20) 



This integration up to A makes sense only if m 4 < 105 GeV, the Yukawa coupling g^ 
being the first to leave the perturbative domain, 



g N {lnA/m z ) = 2.1, m 4 = 105 GeV. 



(21) 



Finally we integrate numerically the Higgs self-coupling with the final condition at fi = A 
taken from almost commutative geometry. For N generations, this condition reads |I] 



gl 



ASA 

N H 24 



(22) 



and generalizes the second constraint of (JTJ). From the Higgs self-coupling A(0) at the 
electroweak scale // = mz, we then infer the Higgs mass. Some numerical results are 
shown in Table 1. The largest uncertainty in the Higgs mass, ±6.5 GeV, comes from the 
experimental error in the top mass. The neglected threshold effects should not induce an 
uncertainty larger than 2.6 GeV. Indeed if we evaluate the ratio \jg\ for three generations 
at 175.1 GeV rather than at mz, we find a Higgs mass of 172.5 GeV instead of 175.1 GeV. 



m 4 [GeV] 


m H [GeV] 


50 


167.5 


65 


166.3 


80 


168.2 


100 


177.4 


105 


180.7 



Table 1: The Higgs mass as a function of a common mass in the 4th generation 

Table 2 collects a few results with mass splittings in the fourth generation. To show 
how close they are to the limit of the perturbative domain, the largest Yukawa coupling is 
also indicated. We have found no mass pattern in the fourth generation compatible with 
the four experimental constraints ® and compatible with perturbation theory up to A. 
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rriT [UeVJ 




rriN [UeVJ 


~\ 7"! 

ttie [^jevj 


m,H [^evj 


9y 


50 


50 


50 


100 


171.6 


g E =o.7b 


50 


100 


50 


50 


167.6 


9n=0.38 


100 


50 


50 


50 


167.6 


g N =0.38 


50 


100 


50 


100 


172.3 


g E =0.89 


50 


100 


50 


100 


172.3 


c/i?=0.89 


100 


100 


50 


50 


168.9 


g N =0A3 


100 


100 


50 


100 


174.1 


g E =i-n 


100 


125 


50 


100 


179.5 


g E =1.50 


125 


100 


50 


100 


179.4 


g E =lM 


125 


125 


50 


100 


184.4 


#£=2.82 


125 


150 


50 


50 


190.5 


0B=1.O7 


150 


125 


50 


50 


190.4 


# T =0.99 



Table 2: The Higgs mass as a function of masses in the 4th generation, gy is the largest 
Yukawa coupling at the scale fj, — A. 

3.2 Three generations plus ^C-leptons 

Instead of a fourth generation, let us add Stephan's doubly charged AC-leptons [TH] to the 
N = 3 generations of the standard model. Since the AC-leptons carry only hypercharge, 
their presence only modifies b\, which now becomes 

6l = ?2.3 + I + 5? (23) 
9 6 3 V ' 

For simplicity, let us endow both AC-leptons with the same mass vtlac- There is little 
experimental information about mass limits for doubly-charged heavy leptons from direct 
searches [20]. Such charged leptons would also contribute to low energy precision observ- 
ables, like the anomalous magnetic moment of the muon a M . The lowest order contribution 
to a M , which reads 

Aa^A-) = Aa M (C ++ ) = B 2 (m AC ), (24) 



occurs through the insertion of a vacuum polarization loop of AC-leptons into the one-loop 
photonic correction, see Figure 1. In this expression, we have [21] 



A / \2 1 f j i ^ m AC S + 2m AC f j X 2 (l-X) 

B 2 (m AC ) = (q AC )\ / dsdl ^ ^ / dx-^—^ ^-j. 25 

3 J 4m 2 Ac V s s 2 J x 2 + (1 - x)s/ml 

For our purposes, we only need the leading behaviour of B2{m A c) f° r m Ac m n [22] , 

B 2 (m AC ) ~ (q AC ) 2 i (^-) , (26) 



45 \m AC ) 
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Figure 1: The insertion of the vacuum polarization loop of AC-leptons into the one- loop 
QED correction to the anomalous moment of the muon 

where q A c — 2 is the charge of the AC-leptons. To keep this contribution below the 
uncertainty (Aa M ) exp = 6.3 x 10~ 10 achieved by the high precision measurement of a M at 
BNL j2H], requires m A c ~ 10 GeV. Finally, constraints from cosmology give an upper 
bound m AC < 10 7 GeV [H]. 

If the mass of the AC-leptons is too small, the gauge coupling gi(fi), for instance, does 
not stay in the perturbative regime throughout the desert. We have therefore restricted 
the mass of the AC-leptons to the range 100 GeV < rn A c ~ 10 7 GeV. As shown in 
Table 3, it then follows that these leptons modify the Higgs mass only slightly. At the 
same time, they increase the value of g\ at fi — A. These values are to be compared to 
gi = 0.46 at = A for three generations and no new fermions. 



m AC [GeV] 


m H [GeV] 


gi at A 


A 


175.1 


0.46 


10 7 


175.3 


0.77 


10 5 


175.4 


0.97 


10 3 


175.5 


1.49 


200 


175.3 


2.08 


130 


175.0 


2.40 


100 


174.7 


2.69 



Table 3: The Higgs mass in presence of AC-leptons 



4 Conclusion 

Some very special Yang-Mills-Higgs models can be derived from general relativity by 
extending Riemannian geometry to almost commutative geometry. After imposing a 
few physically motivated conditions on these special models, we remain with the stan- 
dard model including an arbitrary number of colours and generations and constraints on 
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gauge- and Higgs-couplings. These constraints are assumed to be valid at a very high 
energy scale A where the noncommutative aspects become visible. If we choose three 
colours and three generations, and if we also admit the hypothesis of the big desert, these 
constraints point towards a Higgs mass of m H = 175.ltg;f GeV. In this paper we tried 
to weaken the hypothesis of the big desert in two different ways compatible both with 
almost commutative geometry and with perturbative one-loop corrections, and we have 
computed the corresponding consequences on the Higgs mass. 

First we have introduced a fourth generation. The compatibility with perturbation 
theory implies that the masses of the new fermions must be small, and so are their effects 
on the Higgs mass. However the smallness of these fermion masses is then in conflict with 
the present day constraints from high energy physics. 

Second we considered Stephan's doubly charged AC-leptons. We have examined var- 
ious constraints that can be put on their masses. The requirement that the evolution of 
the couplings remains perturbative throughout the desert combined with constraints from 
cosmology requires their masses to be between 10 2 GeV and 10 7 GeV. Their effect on the 
Higgs mass is then tiny. 

Thus, the value of the Higgs mass turns out to be a very stable quantity for the class 
of models constrained by noncommutative geometry that we have considered here. 
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